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Abstract. We construct geodesies in the Wasserstein space of probability measure 

■ along which all the measures have an upper bound on their density that is determined 
CN I by the densities of the endpoints of the geodesic. Using these geodesies we show that 

^ ■ a local Poincare inequality and the measure contraction property follow from the 

O I Ricci curvature bounds defined by Sturm. We also show for a large class of convex 

■ functionals that a local Poincare inequality is implied by the weak displacement 
I convexity of the functional. 
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1. Introduction 



A definition for lower Ricci curvature bounds in metric measure spaces using mass 
transportation was given independently by Sturm [201121] and by Lott and Villani [T^ . 
Both definitions use convexity inequalities for functionals in the space of probability 
measures. Because Sturm's definition requires these inequalities for much smaller class 
of functionals it is at least a priori weaker. In their seminal papers Sturm, and Lott and 
Villani established most of the essential properties of metric measure spaces with lower 
Ricci curvature bounds; such as the stability under the measured Gromov-Hausdorff 
convergence and coincidence with the Riemannian definition. However, one of the basic 
tools for doing analysis in these spaces was still missing, namely the local Poincare 
inequality. 

The validity of the local Poincare inequality was proved by Lott and Villani [T3] in 
the special case where the space was assumed to be nonbranching, see also [H]. Very 
recently this nonbranching assumption was removed in p!7] for spaces with lower Ricci 
curvature bounds in the sense of Lott and Villani. In this paper we go one step further 
and prove the local Poincare inequalities in the case of possibly branching spaces with 
Ricci curvature bounded from below in the sense of Sturm. See Section |2] for the 
definitions of the Ricci curvature bounds. The constants in the Poincare inequalities 
we prove here are essentially the same that were obtained in [TT]. Notice that in pTf 
Theorem 2] there should also be the cosh-term in the constant which we have in the 
theorem below. 

Theorem 1.1. Any CD{K, N) space in the sense of Sturm, with K G M and N G 
(1, oo), supports the following weak local Poincare inequality. For every point x G X 
and radius r > 0, for any continuous function u: X ^M. and any upper gradient g of 
u we have 



where the constant C depends on N , K and r and can he estimated from above by 



with K = max{— i^, 0}. In particular, in any CD{0,N) space with N G (l,oo) we 
have the uniform weak local Poincare inequality 



The abbreviations for average integrals in the theorem are defined for any A G X 
with < m{A) < oo as 



In [T7] a local Poincare type inequality was also proved in CD{K, oo) spaces in the 
sense of Lott and Villani. We also have this result using the definition of Sturm. 
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Theorem 1.2. Suppose that {X,d,m) is a CD{K, oo) space in the sense of Sturm. 
Then we have the local Poincare type inequality 

/ \u — {u)B{x,r)\dm < 8re^ ^''^^^ / gdm. 

JB{x,r) ' J B{x,2r) 

The proof of the local Poincare inequalities is based on the existence of geodesies 
in the Wasserstein space along which the densities of all the measures are suitably 
bounded from above. The existence of such geodesic is already interesting by itself. 
Density bounds along geodesies have turned out to be useful in analysis on metric 
spaces and in particular on genuinely infinite dimensional metric spaces where the lack 
of doubling measures restricts the use of local Poincare inequalities. See [2] for recent 
development in this direction. Using the notation which will be introduced in Section 
[2] we can state the existence of the good geodesies as follows. 

Theorem 1.3. Let {X,d,m) be a CD{K, N) space in the sense of Sturm for some 
if G M and N G (l,oo]. Then for any f^o, fii G V"''^{X,m) with D = diam(spt //q U 
spt/ii) < oo there exists a geodesic F G Geo(V{X)) so that Tq = ji^, Fi = /ii and for 
all t G [0,1] we have F^ = p^m with 

||Pi|U°°(X,m) < eV^^^^^^max{||po||L-(X,m), ||Pl|U-{X,m)} (1-1) 

if N < oo and with 

||Pt|U°°(X,m) < ^ ^"^^niax{||po||L°°(X,m), ||Pl||L°°(X,m)} (1-2) 

ifN = oo. 

In Theorem 11.31 we have the existence of a good geodesic between two absolutely 
continuous measures. If in the case < oo we construct a similar geodesic between 
a point mass and an absolutely continuous measure, we obtain the so called measure 
contraction property as defined by Ohta [16] . Measure contraction property can also be 
regarded as a generalization of Ricci curvature bounds. See Section |5] for the definition 
of this property. 

Theorem 1.4. Any CD(K,N) space has the MCP{K,N) property. 

The measure contraction property, just like the local Poincare inequalities, was al- 
ready known to hold in CD{K, N) spaces under the nonbranching assumption [2T] . 
There are many definitions of the measure contraction property. A stronger version 
than what we consider here was given by Sturm in [21j where he also showed that a dif- 
ferent type of Poincare inequality follows from this definition without any assumption 
on nonbranching. It should be emphasized that we prove Theorem 11.41 only with the 
weaker measure contraction property defined by Ohta. Using the results of this paper 
the implications between different conditions without any assumption on nonbranching 
can now be written as follows (compare this to the similar diagram in [17J). 



CD{K,N) a la 

LOTT-VlLLANI 




CD{K,N) a la 
Sturm 


^ 


MCP{K, N) a la 
Ohta 



local Poincare 
inequality 



4 



TAPIO RAJALA 



It is known that the measure contraction property does not imply the curvature- 
dimension bounds in the sense of Sturm. Obviously a local Poincare inequality does 
not imply MCP{K, N). So, in the above diagram the validity of only two possible 
implications is open: 

Question 1.5. Are CD{K, N) spaces in the sense of Sturm also CD{K, N) spaces in 
the sense of Lott and Villani? 

Again this is known to be true under the extra assumption of nonbranching [22]. If 
the answer to Question 11.51 is positive, the methods of this paper might help in proving 
it. Indeed, what would be needed for the proof would be geodesies along which all the 
functionals used in the definition by Lott and Villani satisfy a convexity inequality. 
The theme of this paper is to find better geodesies than the ones given directly by the 
curvature-dimension condition. However, we were not able to show the existence of 
geodesies that would answer Question 11.51 

Question 1.6. Does a local Poincare inequality follow already from the MCP{K, N) 
as defined by Ohta? 

Because the definition of the measure contraction property involves a point mass, 
see Section [2l the proof for the local Poincare inequalities as introduced in [T7j does 
not seem to work in spaces with only the property MCP{K, N). Notice that again 
in nonbranching spaces MCP{K, N) in the sense of Ohta implies a local Poincare 
inequality [IB]. 

The paper is organized as follows. In Section [2] we give the relevant definitions and 
background. In Section [3] we construct the good geodesies of Theorem 11.31 Here the 
construction in the case N = oo requires more work than in the boundedly compact 
case because the existence of suitable minimizers does not immediately follow from a 
compactness result. 

In Section H] we derive the local Poincare inequalities of Theorem 11.11 and Theorem 
II. 21 from the existence of good geodesic stated in Theorem II. 31 The validity of the local 
Poincare inequalities are stated in a more general form in Theorem 14.11 In this section 
we also show that Theorem 14.11 can be applied for example in boundedly compact 
spaces where a suitable functional is weakly displacement convex. 

In the final section. Section 0, we prove Theorem 11.41 which says that the CD{K, N) 
spaces satisfy MCP{K, N). Here the difference to the rest of the paper is that we 
will need to construct the good geodesies between a point mass and an absolutely 
continuous measure. However, the strategy of constructing geodesies which is used in 
Section [3] works also in this case with only minor modifications. 

Acknowledgements. Many thanks are due to Luigi Ambrosio for his mentoring and 
valuable feedback. Special thanks are also due to Karl-Theodor Sturm for suggesting 
the approach of constructing geodesies by minimizing functionals. We also thank 
Nicola Gigli for his excellent suggestions and comments on this work. 

2. Preliminaries 

All the metric measure spaces (X, d, m) that we consider are assumed to be complete, 
separable and geodesic. Recall that a metric space (X, d) is called locally compact if 
every point has a compact neighbourhood and it is called boundedly compact if every 
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bounded closed set is compact. Analogously the measure m is called locally finite if 
every point has a neighbourhood with finite m-measure and it is called boundedly 
finite if every bounded set has finite m-measure. Notice that locally finite measures in 
boundedly compact spaces are also boundedly finite. 

We denote the support of a measure /i by spt /i. By V{X) we mean the set of Borel 
probability measures on X and by P"^(X, m) C V{X) the set of probability measures 
in X that are absolutely continuous with respect to the measure m. When we say 
that a measure is absolutely continuous without reference to any other measure it is 
understood that it is absolutely continuous with respect to the fixed measure m of 
the metric measure space. We say that a measure m is doubling (with a constant 
1 < C < oo) if for all X G X and < r < diam(X) we have 

'm{B{x,2r)) < Cm{B{x,r)). 

Recall that any geodesic in a metric space (X, d) can be reparametrized to be a 
continuous mapping 7: [0, 1] X with 

d(7(t), 7(s)) = \t- s|d(7(0), 7(1)) for all < t < s < 1. 

We denote the space of all the geodesies of the space X with such parametrization 
by Geo(X). For a geodesic 7 G Geo(X) and t G [0, 1] we will use the abbreviation 
It = lit). We equip the space Geo(X) with a distance 

d*i7,7) = max ^(74, 74). 

iG[0,l] 

A metric space is called branching if there exist two distinct geodesies starting from 
the same point which follow the same path for some initial time interval and then 
become disjoint. A nonbranching space is a space that is not branching. 

2.1. Metric spaces with a local Poincare inequality. The importance of dou- 
bling measures and local Poincare inequalities in the analysis on metric spaces became 
evident in the pioneering works of Cheeger ^ and Heinonen and Koskela pUj. Since 
then these two properties have become standard assumptions in the theory. Studying 
which spaces satisfy them is now a significant part of the theory. For an introduction 
on the analysis done on metric spaces we refer to the book by Heinonen [9]. 

A metric measure space {X,d,m) admits a weak local (g,p)-Poincare inequality 
with l<p<g<ooif there exist constants A > 1 and < C < 00 such that for 
any continuous function u defined on X, any point x G X and radius r > such that 
m{B{x,r)) > and any upper gradient g of u we have 

\ 1/9 / r \ i/p 

\u-{u)Bi.,r)\'dm] <Cr / g^dm] , (2.1) 

'B{x,r) / \JB{x,Xr) / 

where the barred integral denotes the average integral and {u) B{x,r) denotes the average 
of u in the ball B{x,r). Recall that, as introduced in |;ljQj, a Borel function g: X ^ 
[0, 00] is an upper gradient of u if for any 7 G Geo(X) with length ^(7) < 00 we have 

h(7o) - ^^(7i)l < ^(7) / g{lt)dt. 

Jo 

We will consider here weak local (1, l)-Poincare inequalities which we simply call 
weak local Poincare inequalities. The word weak here refers to the fact that we allow 
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the ball on the right-hand side of f l2.ip to be larger than the one on the left. If the 
balls on both sides of the inequality can be taken to be the same, meaning that we can 
take A = 1, the inequality is called a strong local Poincare inequality. In a doubling 
geodesic metric space the weak local Poincare inequality implies the strong one, with 
possibly a different constant C, see [7] and also |8j. 

We already know from a result proved by Buser [3] that a Riemannian manifold with 
nonnegative Ricci curvature supports a local Poincare inequality. Moreover, in the case 
of measured Gromov-Hausdorff limits of Riemannian manifolds with Ricci curvature 
bounded below local Poincare inequalities are also known to hold [5j. In \1AI a local 
Poincare inequality was proved in nonbranching metric spaces with nonnegative Ricci 
curvature, see also [TS]. In [T7] this result was generalized (with the definition used 
by Lott and Villani) by removing the assumption for the space to be nonbranching. 
This paper continues this line of investigation. Notice that Poincare inequalities have 
also been proved in many other classes of metric spaces, for example in locally linearly 
contractible Ahlfors-regular metric spaces [T9] . 

2.2. Optimal mass transportation and the Wasserstein distance. The defini- 
tions of lower Ricci curvature bounds considered by Lott, Sturm and Villani use the 
theory of optimal mass transportation. This theory has a long history starting from the 
work of Monge in the 18th century [T3] . In the modern formulation of the mass trans- 
portation problem, which was developed by Kantorovich [HI [12] , the transportation 
of the mass is optimized among all possible measures with correctly fixed marginals. 
The main reason for using measures instead of mappings for transporting mass is that 
with measures in most situations we have the existence of optimal transportation, and 
more importantly the existence of a transport to begin with. The problem with trans- 
port maps is that they cannot split measure, which is sometimes necessary. See for 
instance the recent paper [B] for the assumptions that are needed for the existence of 
optimal mappings in the spaces we study here. We refer to the book by Villani [22| for 
a detailed account on the history and modern theory of optimal mass transportation. 

The consideration of optimal mass transportation leads to the definition of Wasser- 
stein space (V{X),W2). The distance between two probability measures fJ^yi' & ^(^) 
in this space is given by 



where the infimum is taken over all cr G V{X x X) with fi as its first marginal and u 
as the second, i.e. yu(v4) = a{A x X) and i^iA) = a{X x A) for all Borel subsets A of 
the space X. Notice that in the case where the distance d is not bounded the function 
W2 is strictly speaking not a distance as the above infimum can also take an infinite 
value. This will not be an issue for us since all the measures in V{X) we consider have 
bounded support. 

An important thing for us to notice is that any geodesic P G Geo{V{X)) between 
two measures fj,,!^ E Vi^X) in the space {V{X),W2) can be realized as a measure 
TT G 'P(Geo(X)) so that P^ = {et)#Tr, where 64(7) = 7^ for any geodesic 7 and t G 
[0, 1] and f#fi denotes the push-forward of the measure /z under /, see for example 
|22t Corollary 7.22]. This realization is convenient for us when we want to translate 
information from the geodesies on V{X) to the geodesies on X. The space consisting 
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of all measures vr G V{Geo{X)) for which the mapping t i— {et)^Ti is a geodesic in 
V{X) from /i = (eo)#7r to = (ei)#7r is denoted by GeoOpt(/i, i^). We equip this space 
with a distance 

>V2(vri,7r2) = sup iy2((et)#vri, (et)#7r2). 

te[o,i] 

2.3. Ricci curvature lower bounds in metric spaces. There are three different 
sets of definitions of lower Ricci curvature bounds in metric spaces that are discussed 
in this paper. In two of the definitions suitable functionals are required to satisfy a 
convexity inequality between measures in the Wasserstein space {V{X),W2). 

One set of definitions follows the approach by Lott and Villani [13] and requires 
that between any two probability measures that have bounded Wasserstein distance 
between them there is at least one geodesic in the Wasserstein space along which all 
the functionals in a displacement convexity class VCj^ satisfy a convexity inequality. 
The second set of definitions, following the work of Sturm j20l |2I] , requires the same 
convexity inequality only for the critical entropy functionals. The third definition, the 
measure contraction property, is different from the two previous ones. It requires the 
existence of a geodesic between any point mass and any uniformly distributed measure 
along which we have a suitable density bound. 

To be more precise on the first two sets of definitions, in their paper Lott and Villani 
gave a definition for nonnegative A^- Ricci curvature with G [1, oo) and a definition for 
oo-Ricci curvature being bounded below by i^' G M. Sturm on the other hand defined 
for all iV G [1, cxo] spaces where iV- Ricci curvature is bounded from below by a constant 

G M. Although Sturm's definition is a priori weaker, in nonbranching metric spaces 
these two sets of definitions agree, see for example [22] • In nonbranching spaces both 
these definitions, with N < oo, also imply the measure contraction property. 

Let us now define for A^ G (l,oo) the spaces where A^- Ricci curvature is bounded 
from below by a constant K G M in the sense of Sturm. For this we will need the Renyi 
entropy functional S'n: V{X) — ^ [— oo,0] defined as 



X 



where /x = pm + /i'' with /i'' ± m. 

For G M and A^ G (1, oo), we define 



oo if > and a > tt, 

N-l 

ii K > and a G [0, tt] 



sin(ta) 
t sin a 

1 if is: = 0, 



sinh(ta) 
t sinh a 



UK <0, 



where 



Sometimes we write which is understood to be the above quantity Pt{x,y) with 
d{x, y) replaced by /. 
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Definition 2.1. We say that a locally compact cr-finite metric measure space (X, rf, m) 
is a CD{K, N) space (in the sense of Sturm), with the interpretation that it has A^- 
Ricci curvature bounded below by K, if for any two measures /xq,/^! £ ^(^) with 
W^2(/^0! /^i) < oo there exists vr G GeoOpt(yUO) /^i) so that along the Wasserstein geodesic 
fJ't = (et)#vr for every t G [0, 1] and N' > N we have 

^..M<-ff (l-t)f^l4^1" + *f%4^)"^-(-«.-0, (2.2) 



where we have written /ig = Pofri + /ip and /ii = pim + p^ with /Xq ± m, /i^ ± m and 
(J = (eo,ei)#7r. 

In this paper we will only need the above inequality with A^' = A^. From the 
Bishop-Gromov inequality in CD{K, N) spaces Theorem 2.3] we have the doubling 
property of CD{K, N) spaces. Recall the notation K~ = max{— i^, 0}. 

Proposition 2.2. Any CD{K,N) space with diameter bounded from above by L is 
doubling with a constant 



2^ cosh 




Af-l 

K' 



N-1 

In particular, any CD{0,N) space is doubling with a constant 2^ . 

The Ricci curvature bound from below without reference to the dimension of the 
space is defined using the Shannon entropy i^oo : T^i^) [—^, oo] which is defined as 

^oo(/i) = / plogpdm, 
Jx 

if yU = pm is absolutely continuous with respect to m and oo otherwise. 

Definition 2.3. We say that (X, d, m), with a locally finite measure m, is a CD{K, oo) 
space (in the sense of Sturm), with the interpretation that it has oo-Ricci curvature 
bounded below by K, if for any two measures po, pi G 'P(X) with W2{po, Pi) < oo 
there exists tt G GeoOpt(/io, Pi) so that along the Wasserstein geodesic pt = (e()#7r 
for every t G [0, 1] we have 

^ooil^t) < (1 - t)^oo(/io) + tc^ooilii) - yt(l - t)W^{lio, l^i)- (2.3) 

Although CD{K, oo) spaces are not doubhng, we have bounds on the volume growth 
of balls, see [201 Theorem 4.24]. When we combine this with the fact that m is locally 
finite we conclude that m is actually boundedly finite. 

Proposition 2.4. The measure m in a CD{K, oo) space {X,d,m) is boundedly finite. 

The third generalization of Ricci curvature bounds that we consider here is the 
measure contraction property, see [Hj and also 



Definition 2.5. A space {X,d,m) is said to satisfy the measure contraction prop- 
erty MCP{K, N) (in the sense of Ohta) if for every x G X and A G X (and 
Ac B{x, n^/{N - l)/K) if i^' > 0) with < m{A) < oo there exists 

TT G GeoOpt ( 6x, — rTT"^U 
\ m[A) 
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SO that 

dm > {et)# (t^A(7o, 71)^(^)^71(7)) . (2.4) 

In the stronger definition of measure contraction property given by Sturm [21] the re- 
quirement for contraction is given globally with a collection of Markov kernels {Pt)te{o,i) 
from to X so that both of the parameters of the kernel can be thought of as the 
point mass towards which we can contract. In nonbranching metric spaces the two 
definitions of measure contraction property agree because the Markov kernels in these 
spaces are uniquely determined by the unique geodesies between points (up to a set of 
m X m-measure zero). 

In the proofs we will use the following abbreviations: 



C{N,K,D) 



if AT < 00, 



and 



P(iV,ir,D) = nW^,2-"Z^)= VdVi2 ' . 

n=0 k ' 

3. Construction of good geodesics with bounded density 



In light of the approach taken in [I7j we know that a local Poincare inequality in 
a CD{K,N) space will follow once we have found for any two absolutely continuous 
measures /io and jUi, with densities bounded from above, a geodesic in the Wasserstein 
space between them so that every measure along the geodesic is absolutely continuous 
and has a suitable upper bound on its density. We have stated the existence of such 
geodesics in Theorem II. 3 [ 

In the case of CD{K, N) spaces in the sense of Lott and Villani in [TTl Lemma 1] 
the needed geodesics were given directly by the curvature-dimension condition. The 
upper bound on the density along these geodesics was obtained in a standard way by 
taking the limit as p — )■ cxd of the L^-norms of the densities of the measures. This was 
possible because the norms to the power p belong to all the displacement convexity 
classes VCn- In CD{K, N) spaces we only have the entropy functionals to work with 
and because of this we have to work a bit more to get the L°°-bound. It is interesting 
to notice that in fact the existence of good geodesics and a local Poincare inequality 
follow already from the weak displacement convexity of any of the L^-norms to the 
power p, see Theorem 14.21 Such requirement is weaker than the CD{0, 00) condition, 
at least in the sense of Lott and Villani. 

To construct the geodesic along which we have the density bound we employ a 
beautiful idea suggested by K.-T. Sturm. We first define the geodesic in the midpoint 
by selecting one of the good measures which belong to the set of all the possible 
midpoints along geodesics between the measures fiQ and /ii. After this we define in the 
same manner the midpoints between the previously selected one and the endpoints /^o 
and /ii, respectively. Continuing this procedure inductively we define the geodesic on 
a dense set of parameters. A standard completion then gives the full geodesic. 

There are two things that have to be checked in order to ensure that the measures 
along the geodesic indeed have the correct density bound. Firstly, all the midpoints 
we have selected should have the bound. Secondly, this should imply that the bound is 
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valid at all measures along the geodesic. This latter point is easy to prove as it follows 
directly from the lower semicontinuity of suitable functionals in the Wasserstein space. 
The slightly harder part is to find the correct midpoints. The general scheme of 
selecting the midpoints, which we again learned from K.-T. Sturm, uses minimizers of 
suitable functionals. 

The functionals which we minimize here are natural for the problem: they simply 
measure the excess mass of the measure above a given density threshold. We want to 
show that there exists a measure among the midpoints with zero excess mass meaning 
that the density of the measure is bounded from above by the threshold. To this aim 
we first of all prove that there exists a minimizer of this functional. In boundedly com- 
pact spaces this follows using the direct method in calculus of variations, because the 
functional is lower semicontinuous and the set of midpoints is compact. In CD{K, oo) 
spaces, which usually are not boundedly compact, we show by hand that there exists 
a sequence converging to a minimizer. The claim is then that the functional at the 
minimizer is indeed zero. To prove this we have to use our assumption that we are 
in a CD{K,N) space. This allows us to "spread" the excess mass (if there is any) to 
a larger set when measured with the underlying measure m. This spreading of mass 
then proves that actually there can be no excess mass at all at the minimum. Hence 
the upper bound on the density and the local Poincare inequality follow. 

We now gather all the parts that are needed for the proof. The role of each part 
should be clear from the outline we gave for the proof. 

3.1. Spreading mass using the curvature-dimension conditions. The spreading 
of the excess mass will be done using the following proposition, which we could also 
derive directly from the Brunn-Minkowski inequality [2T| Proposition 2.1]. As we will 
later note in Section H] such spreading can be done in many other spaces besides the 
CD[K, N) spaces. This leads to another class of metric measure spaces with good 
geodesies and local Poincare inequalities. However, we will now concentrate only on 
the CD{K,N) spaces of Sturm. Because any CD{K,N) space is a CD{K' , N) space 
for all i^' > in this section it always suffices to consider only the case K < 0. 

Proposition 3.1. Suppose that {X, d, m) is a CD{K, N) space with K and N G 
(1,cxd]. Then for any yUo;/^i ^ V"''^{X,m) with bounded support and with densities po 
and pi bounded from above there exists tc G GeoOpt(yUo5 /^i) so that 

m{{xeX : pi(a;) > 0}) > — — — — r--. ^, (3.1) 

^ ^' - C{N,K,D)m8ix{\\po\\L^^X,m),\\pl\\L^iX,m)} ^ ' 

where (ei)^7r = pim + /il with /i| ± m and D is an upper bound for the length of 

2 2 2 2 

t: -almost every 7 G Geo(X). 
Proof. Write 

M = max{||po|U°°(X,m), I |Pl| U°°(X,m)} 

and 

E = {x eX : pi{x)> 0}. 

Let us first prove the claim for < 00. Let vr G GeoOpt(/io, /^i) be a measure 
satisfying (12. 2p which is concentrated on geodesies with length at most D. From (12.20 
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we get 



1 _!_ 

JV 



< 



' N 



because for < we have 



i sinh a J \e2 + e 2 



> exp 

On the other hand by Jensen's inequahty we have 

^iv((ei)#7r) = - / p\'^dm > -m{E) ( [ pidm] > -m{E)^ . 
2 Je 2 \m{E) Je 2 / 

Combination of these two inequahties gives (13. ip . 

Let us then prove the case N = 00. Let vr G GeoOpt(/io, /ii) be a measure satisfying 
fl2.3p which is concentrated on geodesies with length at most D. From fl2.3p we get 

4o((ei)#7r) < ^4o(/xo) + ^^oo(/xi) + (^1 - < logM+ ^ ^ 

Again, using Jensen's inequahty we get 



8 



f^oo((ei)#7r) = / pi logpirfm > log^ 
2 Je "^l-t 



m(E) 

and the combination of these two estimates gives the claim. □ 

3.2. The set of intermediate points. We define for any two measures po, /xi G P(^) 
with W2{pq, Pi) < (X) the set of all the intermediate points (with a parameter A G (0, 1)) 
as 

^xifJ'O, IJ-i) = {1^ e V{X) : W2{no,v) = \W2{no,l^i) and 

W2{fii,iy) = (l-A)l^2(/io,/ii)}. 

In the case A = | we call the set of intermediate points the set of midpoints and write 

A^(po,pi) = Xi(po,Pi). 

For all the results in this paper except the measure contraction property it is enough 
to consider the set of midpoints. 

We will use compactness of Xx(po,pi) to find the minimizers if the space {X,d) 
is boundedly compact. First step in this direction is to show that in general the 
set Xx(po,Pi) is at least closed in (V{X),W2)- This fact will also be needed in the 
CD{K, 00) spaces. 

Lemma 3.2. Assume that {X,d) is a metric space and that po,Pi G have 
bounded support. Then for all A G (0, 1) the set Xa(po, Pi) is closed in {V{X), W2). 
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Proof. Take any sequence {i'n)'^=i C Tx(/io,/^i) such that 

i^n — ^ G ^(^) the Vr2-distance as n — )• oo. 

Then 

max{|W2(/iO,'^) - W^2(/i0,'^n)|, |W^2(/Ul,'^) - W^2(/il,'^n)|} < W^2('^, ^^n) ^ 

as n — > oo. So, 

W2{f^o, v) = \W2if^o, /ii) and W2{fii, z/) = (1 - A)iy2(/io, f^i) 

and thus z/ G Xx(/io, yUi). □ 

To get the compactness of I\{fio, /^i) we need to assume that the space is boundedly 
compact. 

Lemma 3.3. Assume that {X, d) is a boundedly compact metric space and that fi^, yUi G 
V{X) have bounded support. Then for all A G (0,1) the set Zx{fio, fj,i) is compact in 
{V{X),W2). 

Proof. Because the measures /iq and /ii have bounded support and (X, d) is boundedly 
compact, we can cover the set Xx{^q, /xi) with a finite number of balls with arbitrarily 
small radius. Therefore Xx(/io, /ii) is relatively compact in 'P(X) and hence by Lemma 
13.21 it is compact. □ 

An easy consequence of the compactness of the set of intermediate points is the 
compactness of geodesies between the corresponding measures. This will be used in 
the proof of the measure contraction property. Recall that in Section [2] we defined the 
distance W2 in the space P(Geo(X)) as 

W2(7ri,7r2)= sup W^2((et)#vri, (et)#7r2). 

ie[o,i] 

Lemma 3.4. Assume that {X, d) is a boundedly compact metric space and that fiQ, /ii G 
V{X) have bounded support. Then the set GeoOpt(/io, /^i) is compact in the space 
(P(Geo(X)),W2). 



Proof. Let (7r„)5^^ be a sequence in GeoOpt(/io, /^i). Then by Lemma 1331 there ex- 
ists a subsequence (which we still write as (vr„)5^i) for which ((ei )#7r„)5^]^ converges 
to a measure in A^(/io,/ii). Going into a further subsequence gives the convergence 
of also {{ei)#'7in)'^=i and ((ea )#7r„)5^]^ to measures in Xi(/io,/ii) and X3(/io,/ii) re- 
spectively. Taking further subsequences and finally a diagonal sequence gives conver- 
gence of ((eA)#vr„)5^i for a dense set of parameters A G [0, 1]. This gives a measure 
TT G GeoOpt(/io; A'-i) to which (7r„)J^^ converges in the >V2-distance. □ 

The next lemma gives the needed convexity-type properties of the set X\{fio,^i). 

Lemma 3.5. Suppose [ii G V{X) with M/2(Aio?/^i) < oo- Then for any n G 
GeoOpt(/io, A*i) and any Borel function f : Geo(X) — )■ [0, 1] with c = (/7r)(Geo(X)) G 
(0, 1) we have 

{ex)# ((1 - /)vr) + cz/ G Ix{fio, /ii) 

with every 

eIx(^keo)#{fn),ke,)#{fn)y 



V 
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Proof. Since W2 is easily seen to be jointly convex, we have 
W^I((eA)#((l-/K) + cz., (eo)#7r) 

= W^l ((eA)# ((1 - /)vr) + cz/, (eo)# ((1 - /)vr) + (eo)# (/tt)) 

< (1 - (Y3^(eA)# ((1 - /)^) , Y^(eo)# ((1 - /)vr) 



1 - c)\'Wi ( Y3^(ei)# ((1 - /)vr) , Y37(eo)# ((1 - M 



+ cAX'Q(ei)#(/7r),l(eo)#(/7r) 
A'W-|Q(ei)#7r,i(eo)#vr 



Similarly, 



((e,)# ((1 - /)7r) + cv, (ei)#7r) < (1 - A)W-2 0(ei)#vr, ^(eo)#7r^ 
and hence the claim follows. □ 

3.3. The excess mass functional. We define for all thresholds C > the excess 
mass functional J-'c'- Vi^X) — )■ [0, 1] as 

J'M = \\{p-cy\\L^x,^)+^^%x), 

where /z = pm + p^ with p'^ ± m, and = max{0,a}. The crucial property of this 
functional is that it is lower semicontinuous in the Wasserstein space {V{X), ^2)- 

Lemma 3.6. Let {X, d) he a hounded metric space with a finite measure m. Then for 
any C > the functional Tc is lower semicontinuous in (P(X), W2). 

Proof. For locally compact spaces a proof of this fact can be found for example from 
[221 Theorem 30.6]. For spaces which are not locally compact the lower semicontinuity 
can be proved via a duality formula similar to [K Lemma 9.4.4]. Namely, J^c can be 
represented as the supremum of continuous functionals: 



Tcip) = |y 9ix)dpix) -C J g{x)dm{x) : g G C{X), < ^ < 1 J> . (3.2) 

Therefore it is lower semicontinuous. 

Let us verify (13. 2p . Inequality in one direction is obvious since 



gdp — C / gdm = / {p — C)gdm+ / gdp'^ < J-'c{p)- 
X Jx J X J X 

The other direction follows from the fact that the probability measures are Radon. 
Take e > 0. To handle the singular part of p take compact Ei G X such that 

p"{Ei) > p'{X) - e and m(Ei) = 0. 
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Take also an open set Oi C X with Ei C Oi and m{Oi) < e. To deal with the 
absolutely continous part take a compact set 

E2C{xeX : p{x) > C} 

with 

piE2) > li{{x e X : p{x) > C}) - e, 

and an open set O2 C X with E2 C O2 and m{02 \ E2) < e. 

Now let g G be such that < g{x) < 1 for all x G X, 51 = 1 in Ei U E2 and 

g = outside Oi U O2. Then 

gdp — C gdm = / (p — C)gdm + / (j't/p'* 
X Jx J X J X 



> / {p-C)dm+ / (p-C)^dm + p'(EiUE2) 

JEiUE2 J {OiU02)\{EiUE2) 

> ~2e-Cm ((Oi U O2) \ {E, U ^2)) > J'M - 2{C + l)e 
proving (13. 2p . □ 

Combining Lemma 13.31 with Lemma 13.61 we get the existence of minimizers of J-'c in 
X\{po, Pi) in boundedly compact metric spaces. 

Proposition 3.7. Assume that {X, d) is a boundedly compact metric space with a 
locally finite measure m and that po,f^i ^ '^(^) have bounded support. Then for all 
C > and A G (0, 1) there exists a minimizer of J-'c in Xx{pq, pi) ■ 

Proof. Take a sequence (i/„)J^q C Zx{po, pi) so that 

J^c{i^n) inf{J'c(w) : u G Xx{po,pi)}. 

Because by Lemma 1X51 the set Xx{po, pi) is compact, we may assume that z/„ — z/ G 
Xx{po, pi) in the W2-distance. By Lemma 

and so we have the existence of the minimizer. □ 

3.4. Existence of minimizers in CD{K, 00). In the genuinely infinite dimensional 
case the set Xx{po, pi) does not have to be compact. Therefore we will need to prove 
the existence of the needed minimizers by hand. Because we will need the existence 
of minimizers only for the set of midpoints, we will not formulate the results for other 
sets of intermediate points. 

We will use the following lemma to prove the existence on minimizers. The idea 
behind the lemma is very simple: we redistribute the possible excess mass using the 
assumption that we are in a CD{K, 00) space and observe that the part of the redis- 
tributed measure which has large density must necessarily be small. 

Lemma 3.8. Assume that {X,d) is a CD{K, 00) space and that po,pi G V"'^{X) with 
Po = Pom, pi = pim and D = diam(spt po U spt pi) < 00. Then for all 

C > ^ /'^max{||po||L°o(x,m), I |pi| |L°°(X,m)} 
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there exists {H^)^^q C M with the following property. For each v G A^(/io,/^i) there 
exists v G M.{iiQ, pi) with 

and 

for every e > 0. 

Proof. Take Xq & X and i? > so that the supports of all the measures in A^(/io,/ii) 
are contained in B{xo,R). By Proposition 12.41 the measure m is boundedly finite and 
so we have m[B[xo, R)) < oo. Take e > and C > M, where 

M = ^'/8max{||po||L-(x,m), ||Pl|U°°(x,m)}• 
Let u = pm + M.{pq, pi) with z/"* ± m and suppose that Fci.^) > 0. Define a 
function / : X -> [0, 1] by 



fix) 



ifp(x)>C 
0, if p{x) < C. 



Let VTi G GeoOpt(i/, /io) and 7r2 G GeoOpt(z/, /^i), and define Geo(X) — > [0, 1] by 

5- = (eo)~^max{/,XA}, 
where A C X is a Borel set with m{A) = and z/'*(A) = z/*(X). Then 

(eo)#(^7ri) = (eo)#(^7r2) = fpm + . 
Select a geodesic V G Geo(P(X)) with 

To = ^^4^ and r, - 



so that the corresponding measure on geodesies satisfies (I2.3p . Then 

^oo(ri) < ^^oo(ro) + ^^oo(ri) + f i - < ^ 



On the other hand, writing Fi = pim, 



{pi>S} ^ ^ J{0<pi<S} ^ ^ 

2 ^ 



1^00(1^1)= / pi log pidm+ / pilogpidm 

J{0<pi<5} ^ 

m(5(a;o,i?)) 



> log 6 I pi dm 
Therefore with 5 > 1 we get 



{Pi><5} 
1 



J^siXi) < [ Pidm < (log 
' J{pi>s} ' log*^ V 

'2 



M ^ m{B{xo,R)y ^gg^ 



Define 

w = (1 - f)pm + J'c'('^)ri . 

By Lemma 13751 we have u G Ai{po,pi). By taking > C so large that 

1 AM m{B{xo,R)) \ 

log \ < e 



logife ye e 
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we get from (I3.3p the required estimate 

which proves the claim. □ 

In the boundedly compact case we were able to prove the existence of the minimizers 
of Tc for all values of C. \\y CDiK^oo) spaces we get the existence only for the values 
that are greater than or equal to a critical threshold. Fortunately these are the only 
values of C that will be needed in the proof for the existence of a good geodesic. 

Proposition 3.9. Assume that {X,d) is a CD{K, oo) space and that yUo,/Ui G V°''^{X) 
with fiQ = Pofn, fii = pim and D = diam(spt /io U spt /ii) < oo. Then for all 

C > ^ /'^max{||po||L°°(x,m), I |pi| |L°°(X,m)} 
there exists a minimizer of i"^ -^{^0^ Pi) ■ 
Proof. Take a sequence (t'n)J^Lo -^(/^cyUi) so that 

J^cii^n) -> infjj'clw) : ^ e A^(/io, /ii)}. 

By Lemma 13.81 there exists a sequence (iffc)^Q C [0, oo) so that, by redefining the 
sequence {h'n)'^=Q if necessary, we may assume for all n > A; > the estimate 

J'hM<2-'. (3.4) 

Because D < oo we have 

M{no, pi) C {cu e V{X) : sptcoCB} 

for some closed and bounded set B G X. By Proposition 12.41 the measure m is 
boundedly finite and so the set 

Ah = {co e V{X) : J'iy(w) = and sptw C B} 

is relatively compact in {V{X), W2) and nonempty for all H > C. On the other hand, 
by (13.41) we have 

for all n > A; > 0. Using this with k = 1 gives the existence of a subsequence (z/i„)J^q 
of {vn)n=o with 

for all i,j G N. Inductively using (13.41) we define for all /c > 1 a subsequence {vkn)'^=Q 
of {^{k-iu)n=o so that 

for all i,j G N. By a diagonal argument we then get a subsequence converging in the 
Wasserstein distance to a measure v which is in A4{fiQ, pi) by Lemma [3.2[ Then by 
Lemma [3. 61 we conclude that the measure u is a minimizer of J^c in A^(/^0;/^i)- D 

Remark 3.10. Notice that if we knew a priori that 

inf Tcioj) = 0, (3.5) 

then the existence of the minimizer in Proposition 13.91 would follow immediately with- 
out Lemma [3.81 However, our proof for (13.51) in Proposition 13.111 will use the existence 
of the minimizer, so Lemma [3.81 here seems to be a necessary step. 
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3.5. L°°-estimate for the minimizers. Now that we have estabhshed the needed 
basic properties of the set Zx{fio, fii) and the functional J^c we turn to the properties 
of the minimizers. What we are aiming at here is an L°°-bound on the density of a 
good midpoint. In order to quantify some estimates in the proof we first have to go 
shghtly above the final threshold. 

Proposition 3.11. Assume that {X^d^m) is a CD{K, N) space for some K and 
N E (0, oo] and that /xq, /^i G V^'^'^X, m) have hounded support and densities po and pi, 
respectively. Suppose in addition that all measures in GeoOpt(/io, /^i) are concentrated 
on geodesies with length at most D. Then for any 

C > C{N, ir,L')max{||po||L°°(x,m), ||pi|U°°(x,m)} 

we have 

min J^c{^) = 0. 

veA^(Aio,Mi) 

Proof. Write 

M = C{N, ir,L')max{||po||L-'(X,m), ||Pl||L°°(X,m)}- 

Suppose that the conclusion is not true. Let A^min C M.{po,pi) be the set of min- 
imizers of J^c in -^(Po,Pi), which by Proposition 13.71 and Proposition 13.91 is always 
nonempty. Take u G A^min for which 

m{{x G X : p^(x) > C}) > -^7 sup m{{x G X : p^{x) > C}), (3.6) 



C 



where u = p^m + with z/"* _L m and uj = p^jm + cj* with cu"* _L m. 
Assume first that the set 

A = {x e X : p^{x) > C} 
has positive m-measure. Then there exists 5 > so that 

m{A') > (^^^ m{A) 

with 

A' = {x e A : p^{x) > C + 5}. (3.7) 

Let TTi G GeoOpt(z/, po) and 112 G GeoOpt(z/, pi), and take a geodesic F G Geo(V{X)) 
given by Proposition 13.11 with 

P ^ (ei)#7ri|{^osA'} ^ ^ {ei)#TC2\{joeA'} 

° u{A') ^ u{A') 

such that the corresponding measure on geodesies satisfies (13. ip . 

We write Fi = prm + F'' with F** ± m and abbreviate 

2 

E = {xeX : pr{x) > 0}. 

From (13. ip we get 



i^(A') C , /C . 
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Now consider a new measure v = pj^m + u'^, with ± m, defined as the combination 

C S 

By Lemma 1331 we have z> G Ai{po,pi). Due to the definition (13 .yp we only redis- 
tribute some of the mass above the density C when we replace the measure u by the 
measure 9. See Figure [T] for an illustration of the redistributed part of the measure. 
Let us now calculate how much the excess mass functional changes in this replacement. 

Tc{jy) - Mi^) = [ {p,-C)^dm + u'{X)- [ {p, - C)^ dm - D\X) 
J X J X 



X\A' 



(p. - C)+ - ( p. + ^z.(A')pr -C] \dm 



+ 1 ( (p. - C)+ - ( ^p. + ^K^OPr - C ) ]dm 



+ ^K(A')-K^'rw) 



iPu-cr-{Pu ^ 



X\A' 



c + s 



u{A')pr -C^ ^dm 



+ ^ (p. - K^')Pr) dm + ^ iu^{A') - u{A')riX)) 

((P^ - - (p. + cTs'iA')Pr -C)\ ^KA')Pr) dm 
(C - py)dm + / — — jh'{A')prdm 



: / min jc-p^ '^ iy{A')pr\ dm. 
J\p.<c} [ C + 6 J 



'{p.<c} 

Because of the minimality of J^c ^ this integral must be zero. Therefore also 

m[E n {x G X : p^(x) < C}) = 0. 

On the other hand, for any y E E H {x E X : pi,{x) > C} we have Pu{y) > C. This 
together with the assumption (13.61) leads to a contradiction 



m{{x G X : p^{x) > C}) > m{E) > [ ] ^(^) 



Suppose now that mi^A) = 0. This means that u must have a singular part. Similarly 
as above, we can redistribute this singular part using (13. ip . This leads immediately to 
a contradiction because at the combination of the redistributed singular part and the 
absolutely continuous part of u the functional J^c has lower value than at u. □ 
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X 



Figure 1. When we replace the measure u by the new measure i) we 
redistribute the gray part of the measure. 



Now we can obtain the correct threshold level using the previous Proposition 13.111 

Corollary 3.12. With the assumptions of Proposition lBTTTl there exists v G A^(yUo,/ii) 
with Tc{y) = OforC = C{N,K,D) max{| |po| |L°°(x,m), \ \pi\\L°°{x,m)}- 

Proof. By Proposition 13. 1 ll we know that 

min J'c'i^) = 

for all C > C . Because /iq and /ii have bounded support, all the measures in A^(/io, /^i) 
are supported on a bounded set A d X. Therefore, 

min J'c(w) < min J^c'{^) + (C - C)m{A) 
as C'\C. □ 

3.6. Prom the midpoints to a geodesic. Corollarv 13.121 together with Lemma 13^ 
now gives the geodesic F of Theorem 11.31 

Proof of Theorem \1.3[ Let us first define the geodesic F for a dense set of parameters 
in the following inductive manner: first set Fq = fio and Fi = /ii. Now assume that 
for some n E N we have defined Ffc2-" = Pk2-"'^ ioi all integers < A; < 2" and that 
for these we have 

n 

||Pfc2-"||L°°(X,m) < JJC(iV,ir,2~*+^L')max{||po||L°°(X,m), ||Pl||L-(X,m)}- (3.8) 
1=1 

Because of the assumption D < oo and the fact that any geodesic in the Wasserstein 
space {V{X), W2) between jiQ and /ii can be considered as a measure in GeoOpt(yUo, Pi), 
we have that any measure in GeoOpt(Ffc2-", F(fe_(_i)2-n) is concentrated on geodesies 
with length at most 2~^D. 
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Now define for all odd < A; < 2"+^ tfie measure Tk2-"-^ = Pk2-^-^^ to be a 
measure in A1(r(^,_i)2-n-i, r(^,_|_i)2-"-i) given by Corollary 13. 121 Then by our inductive 
assumption fl3.8p the estimate 

I |Pfc2-"-i I |L°°(X,m) < C {N, K, 2~"'D) max{ | |p(fc-l)2-"-i | |L°°(X,m) , I |P(fe+l)2-"-i I \L°°{X,m) } 
n+1 

< YlC{N,K,2~'^^D) max{||po||L°°(x,m), ||pi||L°°{x,m)} 

i=l 

holds. The rest of the geodesic F is defined by completion. The validity of the estimates 
ffLTjl and ([L2]) for all t G [0, 1] follow then from Lemma ESI □ 



4. Local Poincare inequalities using the good geodesics 

Let us now show how the density bounds we have obtained imply the local Poincare 
inequalities. Although this part of the proof is almost the same as the one given in 
[T7] for the Poincare inequalities in metric spaces with Ricci curvature bounded from 
below in the sense of Lott and Villani, we will repeat the proof for the convenience of 
the reader. Notice also that the proof we follow from [T7] for a large part follows the 
proof of [m Theorem 2.5]. 

The difference here to the proof in [T7| is that we have chosen to define the sets 
and B~ slightly differently so that the proof works also for measures m that have 
atoms. This change results in an extra multiplication by 2 of the constant in the 
Poincare inequality. Since already the constant given by the proof in [T7] was not 
sharp, we do not care too much about increasing the constant slightly in order to 
simplify the exposition. 

Theorem 4.1. Let {X, d) he a metric space with a houndedly finite measure m. Suppose 
that there exists a function C : [0, oo) — )■ [1, oo) so that for any /io, Pi G V'^'^{X, m) with 
D = diam(spt /io U spt /xi) < oo there exists a measure vr G GeoOpt(/io, pi) so that for 
all t G [0, 1] we have {et)#TT = ptm with 

\\Pt\\L°°{X,m) < C'(-D) max{||/)o||L°°(X,m), ||Pl||L°°(X,m)}- (4.1) 

Then the space {X, d, m) supports the local Poincare type inequality 
/ \u — (u) B{x,r)\dm < 8rC{2r) / gdm. 

JB{x,r) ' JB{x,2r) 

Proof. Abbreviate B = B{x,r) and define M to be the median of u in the ball B, i.e. 

M = inf <^ a G M : m{{u > a}) < — ^ 

Using the median M we cover the ball B with two Borel sets 

B+ = {xe B : u{x) > M} and B' = {x e B : u{x) < M]. 
Notice that m{B+),m{B-) > m{B)/2. Let 

TT G GeoOpt ( /dix "^Ib+. x "^Ib- 
\m[B+) mlB") 
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be the geodesic given fl4.ip and let pt be the density of (ef)#7r with respect to m. By 
(14. ip we have for all t G [0, 1] at m- almost every y E X 

Pt{y) < C(2r)-^. 

Now observe that we have an equality 

Hlo) - w(7i)l = Hlo) -M\ + \M- m(7i)| 
for vr-almost every 7 G Geo(X). Therefore 

Hlo) -M(7i)Mvr(7) 

Geo(X) 



m(7o) - M|rf7r(7) + / |M-M(7i)|c/7r(7) 

Geo(Js:) JGeoiX) 

\u{x) — M\dm{x) -\ / \M — u{x)\dm{x) 



m{B^) J B+ m{B~ 
1 f 

> — — — - / \u{x) — M\dm{x) 



B- 



m{B) 

Since vr-almost every 7 G Geo(X) is contained in the ball -B(x, 2r) we have 



JB{x,r) m[I^) J JBxB 

< / / -M\ + \M - u{y)\)dm{x)dm{y) 

'bxB 



u — (u) B{x,r)\dm < — — — / / \u{x) — u{y)\dm{x)dm{y) 



m{B) 



= 2 \u{x) - M\dm{x) <2m{B) / |u(7o) - u(7i)|ci7r(7) 

Jb JGeo(X) 

< Arm{B) / / g{'yt)dtdTc{'y) = Arm{B) / / g{x) pt{x)dm{x)dt 

Jgco(x) Jo Jo Jx 

< 8rC(2r) [ [ g{x)dm{x)dt = 8rC{2r) [ gdm. 

Jo J B{x,2r) JB(x,2r) 



□ 



Theorem 11.21 now follows immediately by combining Theorem 11.31 and Theorem 14.11 
To get Theorem 11.11 we have to recall also the Proposition 12.21 

Let us end this section by noting that the existence of good geodesies and hence the 
local Poincare inequality follows also from the assumption that we have displacement 
convexity for some functional from quite a large class of functionals. Let F: [0, 00) — )► M 
be a convex function. From it we define a functional ^ : V{X) — )■ [—00, 00] by setting 

^{p)= [ F{p)dm + F'{oo)p'{X), (4.2) 
Jx 

where p = pm + p'^, p^ m and the derivative at infinity is defined as 

F(r) 

F'(oo) = lim 

■r— >oo f 
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We say this functional is weakly displacement convex in the space {V{X),W2) if for 
any two measures /xq,/^! G 'Pi^) with W^2(/^05/^i) < oo there exists a measure vr G 
GeoOpt(/io, yUi) so that 

^{iet)#7r) < (1 - t)^(/io) + 

Theorem 4.2. Let (X, d) be boundedly compact metric spaces with a locally finite mea- 
sure m and F: [0, oo) — ^ M a convex function for which F{x)/x is strictly increasing, 
F{0) = and F'{oo) = oo. Suppose that the corresponding functional given by 
fl4.2p is weakly displacement convex in (V{X),W2) ■ 

Then for any Hq, /ii G V"''^{X, m) with D = diam(spt fiQ U spt fii) < oo there exists a 
measure n G GeoOpt(yUo5 /^i) so that for all t G [0, 1] we have (e()#7r = ptm with 

\\Pt\\L°°{X,m) < niax{| |po| |L°°(X,m), | |pi | |L°°(X,m) } 

In particular, we have the local Poincare type inequality 



\u — {u) B{x.r)\dm < 8r gdm. 

B{x,r) ' J B{x,2r) 

Proof. The local Poincare type inequality follows from the density bound via Theorem 
14.11 Therefore we only have to prove the density bound. Take fio,fJ'i ^ V°''^{X,m) 
with bounded support and with densities po and pi bounded from above and let n G 
GeoOpt(/xo, Pi) be a measure along which we have displacement convexity. Write 

M = max{||po||L-=(x,m), I |Pl| U°°(X,m)} 

and 

E = {xeX : pi{x)> 0}. 
Now from the weak displacement convexity we get 

^{(ei)#7,) < i^(^„) + = i y F(p,)dm + i y F(pi)dm 

2 Po 2 Jx Pi 

1 f F(M) , 1 f F(M) , F(M) 
< - / ——^podm + - / \^ ' pidm - ^ ^ 



2 fx M Jx M M 

In particular (ei)#7r has no singular part and then by Jensen's inequality 

^((ei)#vr) = / F{pr)dm = m{E)l F{p.)dm 

J E J E 

> m{E)F (J- pidrn^ = m{E)F{m{E)~^). 
Combining these two estimates with the fact that F{x)/x is strictly increasing yields 

rn(E) > 

Thus the considerations of Section [3] work also in this situation and the density bound 
follows. □ 
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5. MCP{K,N) PROPERTY ON CD{K,N) spaces 

In this section we construct another set of good geodesies in CD{K, N) spaces (where 
< oo) with sharp density bounds using the minimizing procedure of Section O These 
geodesies are constructed between a point mass and a uniformly distributed measure. 
Such geodesies are the ones that are used in the definition of the measure contraction 
property MCP{K, N). So, once we have found these geodesies we have proved the 
MCP{K, N) property. 

Construction of the needed geodesies rehes on the same techniques that were used 
in Section [31 Instead of minimizing J^c among midpoints between the measures 
and fii, we will take a A G (0, 1) and minimize J^c iii ^^(/^O) A'-i)- This minimization 
together with the lower semicontinuity of J^c gives us the needed bounds already for 
a sequence of intermediate measures, as will be seen in Lemma 15.21 

Remark 5.1. In verifying the measure contraction property we will consider geodesies 
between measures fiQ = 6^ and fii = j^^^\a- Because the restrictions of the measure 
to annular regions 

Ak = B{x,r^)\B{x,r''-^), keZ 

have pairwise disjoint supports even when we move them along any geodesic towards 
/io, we can define the intermediate measures and the geodesic separately for each such 
annular region. This for example allows as to make the assumption that A is bounded. 

In the following lemma we will use the notation of previous remark and also 
abbreviate a dilated annulus by 

sAk = B{xM)\B{x,sr^-^) 

for all s e [0,1]. 

Lemma 5.2. Let x E X and A G X with < m(y4) < oo. Suppose that we have 
IT G GeoOpt(/xo, /^i) with /iq = Sx and /ii = ^^^p^^U ^ ^ (0; 1] /'^^ which we have 

dm > {et)# (t^A(7o, li)m{A)diT{^)) . (5.1) 
Then for any A G (0, 1) there exists vf G GeoOpt(yUo; /^i) so that 

(e,)#7r = (e,)#^ 

for all s G [t, 1] and fl5.ip holds also with t replaced by At and it replaced by n. 

Proof. Take r > 1. With Remark 15. II in mind we can define the intermediate measure 
separately for different annuli. Take A; G Z so that m{Ai^) > where A^ is an annulus 
as in Remark 15.11 By (15. ip we have for the density p of {et)#7c with respect to m the 
estimate 

1 



Now any 



is concentrated on geodesies with length between tr and tr 
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Therefore by (12. 2p there exists a measure vr^ with 
^iv ((eA)#vrfc) < -A(t^min{/3;,(tr^'),/3,(tr'=-i)}min{A(r^),A(r'=-^)}m(Afc))- 

= -At {min{f3xt{r''),f3M{tr'~')}m{Ak)y . 

Then with the help of Jensen's inequahty as in the proof of Proposition 13.11 and with 
a similar proof as for Proposition 13.111 we get a good intermediate measure 

/ m{A) 

which has the density pk with respect to m with the bound 

1 

Pk < 



Now the sum 



has the correct density bound locally up to a constant which tends to one as r \ 1. 
Hence by Lemma 13.31 we find a sequence converging to a measure where we have the 
correct density bound by Lemma 13.61 This measure induces the desired tt. □ 

The proof now follows using the lower semicontinuity of J^c and the compactness of 
the set of geodesies between po and pi. 

Proof of Theorem 1.4- Let x E X and A G X with < m{A) < oo. Because of the 
Remark 15.11 we may assume that A is bounded. Write /iq = and fii = j^;^itT'\a- By 
Lemma [5.21 we get for every n G N a measure 7r„ G GeoOpt(/io, yUi) with 

dm > {et)# {t^'Ptiio, li)m{A)d7r^{^)) . (5.2) 

for all t = |r, with A; = 1, 2, . . . , 2". 

By Lemma 13.41 the sequence (vrn)5^i has a converging subsequence in the W2- 
distance. From Lemma I3l6] we see that the limit tt G GeoOpt(/i05 /^i) of this sub- 
sequence then satisfies (15. 2p for alH G [0, 1]. □ 
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